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1. APA ITU KETAKLINEARAN 

𝑦𝑦 = 𝑓𝑓(𝑥𝑥) = 𝑚𝑚𝑚𝑚 +  𝑐𝑐

𝑥𝑥 𝑥𝑥0 ∆𝑥𝑥 𝑦𝑦 = 𝑓𝑓(𝑥𝑥)
𝑦𝑦0 = 𝑓𝑓(𝑥𝑥0) ∆𝑦𝑦 ∆𝑥𝑥 ∆𝑦𝑦 =
𝑚𝑚∆𝑥𝑥 𝑚𝑚 𝑥𝑥0

𝑥𝑥 ∆𝑦𝑦 ∆𝑥𝑥

𝑦𝑦 =
𝑓𝑓(𝑥𝑥)  =  𝑥𝑥2 𝑥𝑥0 ∆𝑥𝑥

∆𝑦𝑦
∆𝑥𝑥 = 2𝑥𝑥0 + ∆𝑥𝑥.
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∆𝑥𝑥 𝑥𝑥0
∆𝑦𝑦
∆𝑥𝑥 𝑓𝑓′(𝑥𝑥0)

∆𝑦𝑦
∆𝑥𝑥

𝑓𝑓(𝑥𝑥)  =  sin(𝑥𝑥) + 2 sin(2 𝑥𝑥) − 1
10 sin(10𝑥𝑥)  + 1

5 sin(100𝑥𝑥)

𝑓𝑓
{1, sin(𝑛𝑛𝑛𝑛) , cos(𝑚𝑚𝑚𝑚) | 𝑛𝑛, 𝑚𝑚 ∈  ℕ}

𝑔𝑔(𝑥𝑥) =
cos(𝑥𝑥)+3,5𝑥𝑥2

𝑥𝑥2+1 sin(𝑥𝑥 − 𝑥𝑥2 + 3𝑥𝑥3)

𝑥𝑥

𝑓𝑓

𝑔𝑔
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∆𝑥𝑥 𝑥𝑥0
∆𝑦𝑦
∆𝑥𝑥 𝑓𝑓′(𝑥𝑥0)

∆𝑦𝑦
∆𝑥𝑥

𝑓𝑓(𝑥𝑥)  =  sin(𝑥𝑥) + 2 sin(2 𝑥𝑥) − 1
10 sin(10𝑥𝑥)  + 1

5 sin(100𝑥𝑥)

𝑓𝑓
{1, sin(𝑛𝑛𝑛𝑛) , cos(𝑚𝑚𝑚𝑚) | 𝑛𝑛, 𝑚𝑚 ∈  ℕ}

𝑔𝑔(𝑥𝑥) =
cos(𝑥𝑥)+3,5𝑥𝑥2

𝑥𝑥2+1 sin(𝑥𝑥 − 𝑥𝑥2 + 3𝑥𝑥3)

𝑥𝑥

𝑓𝑓

𝑔𝑔
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2. KETAKLINEARAN DI BERBAGAI BIDANG 

2.1 Ketaklinearan pada Dinamika Populasi  
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2.2 Ketaklinearan dalam Dunia Seni  
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2.2 Ketaklinearan dalam Dunia Seni  
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3. GETARAN TAKLINEAR 

𝑥̈𝑥 + 𝜔𝜔𝑥𝑥
2𝑥𝑥 = −𝜀𝜀 𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝜀𝜀)𝜕𝜕𝜕𝜕

𝑦̈𝑦 + 𝜔𝜔𝑦𝑦
2𝑦𝑦 = −𝜀𝜀 𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝜀𝜀)𝜕𝜕𝜕𝜕
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𝜀𝜀 𝑈𝑈

𝜔𝜔𝑥𝑥: 𝜔𝜔𝑦𝑦

ℝ𝟒𝟒 ℝ𝟑𝟑

𝐸𝐸0 =
𝐸𝐸1 +  𝐸𝐸2 𝐸𝐸1 𝑥𝑥

𝐸𝐸2 𝑦𝑦
𝜀𝜀 = 0

ℝ4

𝐸𝐸1 ≠ 0
𝑆𝑆1 𝐸𝐸2 ≠ 0

ℝ3
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𝜀𝜀 𝑈𝑈

𝜔𝜔𝑥𝑥: 𝜔𝜔𝑦𝑦

ℝ𝟒𝟒 ℝ𝟑𝟑

𝐸𝐸0 =
𝐸𝐸1 +  𝐸𝐸2 𝐸𝐸1 𝑥𝑥

𝐸𝐸2 𝑦𝑦
𝜀𝜀 = 0

ℝ4

𝐸𝐸1 ≠ 0
𝑆𝑆1 𝐸𝐸2 ≠ 0

ℝ3
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𝜀𝜀 ≠ 0

𝑥̇𝑥 = 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝜀𝜀)

𝑥𝑥 ∈ ℝ𝑛𝑛 𝜀𝜀 ≪ 1 𝑥𝑥(𝑡𝑡) 𝑥𝑥(0)  =  𝑥𝑥0
𝑓𝑓 𝑡𝑡

𝑇𝑇

𝑓𝑓0(𝑦𝑦)  =  1
𝑇𝑇 ∫ 𝑓𝑓(𝑦𝑦, 𝑡𝑡, 0)𝑑𝑑𝑑𝑑

𝑇𝑇

0

𝑓𝑓.

𝑦̇𝑦 = 𝜀𝜀𝑓𝑓0(𝑦𝑦)

𝑦𝑦(𝑡𝑡) 𝑦𝑦(0)  =  𝑥𝑥0

‖𝑥𝑥(𝑡𝑡)  −  𝑦𝑦(𝑡𝑡)‖ = 𝑂𝑂(𝜀𝜀) 1
𝜀𝜀

𝑥𝑥 𝑦𝑦
𝑦𝑦

𝑥𝑥.
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𝑚𝑚:𝑛𝑛
𝑚𝑚: 𝑛𝑛 ≥ 5)
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𝑚𝑚:𝑛𝑛
𝑚𝑚: 𝑛𝑛 ≥ 5)

Prof. Johan Matheus Tuwankotta 13 

𝑚𝑚: 𝑛𝑛 𝑚𝑚 + 𝑛𝑛 ≥ 5

𝜀𝜀𝑚𝑚+𝑛𝑛 𝜀𝜀
(𝑚𝑚+𝑛𝑛−4)

6

𝜀𝜀𝑚𝑚+𝑛𝑛−2 𝜀𝜀
(𝑚𝑚+𝑛𝑛−4)

2

𝜺𝜺𝑲𝑲

𝜺𝜺𝑻𝑻

Resonansi Pangkat Suku 
Resonansi (N)

Orde interaksi energi (K) Skala-waktu 
interaksi (T)Analitik Numerik

4:1 5 1/2 0,5091568 -5/2
4:3 7 3/2 1,5079998 -7/2
6:1 7 3/2 1,4478968 -7/2
3:1 8 2 2,0898136 -4
8:1 9 5/2 NA -9/2
3:2 10 3 NA -5

𝑥̇𝑥 = 𝑋𝑋(𝑥𝑥)
𝑥̇𝑥 = 𝑋𝑋1(𝑥𝑥)  +  𝑋𝑋2(𝑥𝑥) +  𝑋𝑋3(𝑥𝑥) 
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𝑥̇𝑥 = 𝑋𝑋(𝑥𝑥)

𝑓𝑓(𝑥𝑥, 𝑦𝑦) 𝑦𝑦
𝑓𝑓(𝑥𝑥, −𝑦𝑦) = 𝑓𝑓(𝑥𝑥, 𝑦𝑦) 𝑈𝑈(𝑥𝑥, −𝑦𝑦) = 𝑈𝑈(𝑥𝑥, 𝑦𝑦)

𝑦𝑦

𝑦𝑦

𝐻𝐻 = 1
2𝑚𝑚𝑚𝑚 (𝑝𝑝𝑧𝑧

2 +
𝑝𝑝𝜑𝜑

2

(𝑧𝑧 + 1)2) + 𝑠𝑠𝑙𝑙2

2 (𝑧𝑧 + 𝑙𝑙 − 𝑙𝑙0
𝑙𝑙 )

2
− 𝑚𝑚𝑚𝑚𝑚𝑚(𝑧𝑧 + 1) cos(𝜑𝜑).

(𝑧𝑧, 𝑝𝑝𝑧𝑧) 𝑚𝑚
(𝜑𝜑, 𝑝𝑝𝜑𝜑) 𝐻𝐻(𝑧𝑧, − 𝜑𝜑, 𝑝𝑝𝑧𝑧, −𝑝𝑝𝜑𝜑)  =

 𝐻𝐻(𝑧𝑧, 𝜑𝜑, 𝑝𝑝𝑧𝑧, 𝑝𝑝𝜑𝜑) (𝜑𝜑, 𝑝𝑝𝜑𝜑).
𝜔𝜔𝑧𝑧: 𝜔𝜔𝜑𝜑 = 2: 1
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𝑥̇𝑥 = 𝑋𝑋(𝑥𝑥)

𝑓𝑓(𝑥𝑥, 𝑦𝑦) 𝑦𝑦
𝑓𝑓(𝑥𝑥, −𝑦𝑦) = 𝑓𝑓(𝑥𝑥, 𝑦𝑦) 𝑈𝑈(𝑥𝑥, −𝑦𝑦) = 𝑈𝑈(𝑥𝑥, 𝑦𝑦)

𝑦𝑦

𝑦𝑦

𝐻𝐻 = 1
2𝑚𝑚𝑚𝑚 (𝑝𝑝𝑧𝑧

2 +
𝑝𝑝𝜑𝜑

2

(𝑧𝑧 + 1)2) + 𝑠𝑠𝑙𝑙2

2 (𝑧𝑧 + 𝑙𝑙 − 𝑙𝑙0
𝑙𝑙 )

2
− 𝑚𝑚𝑚𝑚𝑚𝑚(𝑧𝑧 + 1) cos(𝜑𝜑).

(𝑧𝑧, 𝑝𝑝𝑧𝑧) 𝑚𝑚
(𝜑𝜑, 𝑝𝑝𝜑𝜑) 𝐻𝐻(𝑧𝑧, − 𝜑𝜑, 𝑝𝑝𝑧𝑧, −𝑝𝑝𝜑𝜑)  =

 𝐻𝐻(𝑧𝑧, 𝜑𝜑, 𝑝𝑝𝑧𝑧, 𝑝𝑝𝜑𝜑) (𝜑𝜑, 𝑝𝑝𝜑𝜑).
𝜔𝜔𝑧𝑧: 𝜔𝜔𝜑𝜑 = 2: 1
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4. BIFURKASI PADA DINAMIKA POPULASI 

4.1 Dinamika Taklinear dan Bifurkasi pada Model Mangsa-
Pemangsa 

𝑥̇𝑥 = 𝑥𝑥(1 − 𝜆𝜆𝜆𝜆) − 𝑦𝑦𝑦𝑦(𝑥𝑥)
𝑦̇𝑦 = 𝑦𝑦(−𝛿𝛿 − 𝜇𝜇𝜇𝜇) + 𝑦𝑦𝑦𝑦(𝑥𝑥)

𝑃𝑃(𝑥𝑥)

𝑥𝑥
𝑦𝑦

𝜆𝜆
𝜇𝜇

𝜆𝜆

𝜆𝜆 = 0 𝜇𝜇 = 0
𝑃𝑃(𝑥𝑥) = 𝑏𝑏𝑏𝑏
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𝑥̇𝑥 = 𝑥𝑥𝑥𝑥 (1
𝑦𝑦 − 𝑏𝑏)

𝑦̇𝑦 = 𝑥𝑥𝑥𝑥 (𝑏𝑏 − 𝛿𝛿
𝑥𝑥) .

y 𝑡𝑡 ⟼ (𝑥𝑥𝑥𝑥)𝑡𝑡,

𝑥̇𝑥 = (1
𝑦𝑦 − 𝑏𝑏)

𝑦̇𝑦 = (𝑏𝑏 − 𝛿𝛿
𝑥𝑥) .

𝑃𝑃(𝑥𝑥) = 𝑏𝑏𝑏𝑏

𝑃𝑃(𝑥𝑥) = 𝑥𝑥
𝛼𝛼𝑥𝑥2+𝛽𝛽𝛽𝛽+1 𝑃𝑃(𝑥𝑥)

𝑃𝑃(𝑥𝑥)
𝑦𝑦𝑦𝑦(𝑥𝑥)

𝜆𝜆 = 𝜆𝜆0(1 + 𝜀𝜀 sin (𝜔𝜔𝜔𝜔)).       

𝛿𝛿 < 𝛿𝛿0 𝛿𝛿 = 𝛿𝛿0
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𝑥̇𝑥 = 𝑥𝑥𝑥𝑥 (1
𝑦𝑦 − 𝑏𝑏)

𝑦̇𝑦 = 𝑥𝑥𝑥𝑥 (𝑏𝑏 − 𝛿𝛿
𝑥𝑥) .

y 𝑡𝑡 ⟼ (𝑥𝑥𝑥𝑥)𝑡𝑡,

𝑥̇𝑥 = (1
𝑦𝑦 − 𝑏𝑏)

𝑦̇𝑦 = (𝑏𝑏 − 𝛿𝛿
𝑥𝑥) .

𝑃𝑃(𝑥𝑥) = 𝑏𝑏𝑏𝑏

𝑃𝑃(𝑥𝑥) = 𝑥𝑥
𝛼𝛼𝑥𝑥2+𝛽𝛽𝛽𝛽+1 𝑃𝑃(𝑥𝑥)

𝑃𝑃(𝑥𝑥)
𝑦𝑦𝑦𝑦(𝑥𝑥)

𝜆𝜆 = 𝜆𝜆0(1 + 𝜀𝜀 sin (𝜔𝜔𝜔𝜔)).       

𝛿𝛿 < 𝛿𝛿0 𝛿𝛿 = 𝛿𝛿0

Prof. Johan Matheus Tuwankotta 17 

𝛿𝛿 > 𝛿𝛿0 𝛿𝛿 =
𝛿𝛿0

𝜇𝜇

𝜇𝜇(𝛿𝛿)

(𝛿𝛿1, 𝜇𝜇1)

𝜶𝜶 𝜷𝜷
𝑷𝑷(𝒙𝒙) 𝜺𝜺
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4.2 Lebih Jauh Tentang Bifurkasi Fold.  
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4.2 Lebih Jauh Tentang Bifurkasi Fold.  
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𝑚𝑚
𝑛𝑛 × 𝑛𝑛 𝑚𝑚 − 1

𝑛𝑛(𝑚𝑚 − 1) 

𝑚𝑚 − 1

𝑥̇𝑥 = 𝐹𝐹(𝑥𝑥, 𝑦𝑦)
𝑦̇𝑦 = 𝐺𝐺(𝑥𝑥, 𝑦𝑦) − 𝛽𝛽.

(𝑥𝑥0, 𝑦𝑦0) 𝛽𝛽 = 𝛽𝛽0 (𝑥𝑥0, 𝑦𝑦0)
𝐺𝐺(𝑥𝑥, 𝑦𝑦) 𝐹𝐹(𝑥𝑥, 𝑦𝑦)  =  0.

𝐺𝐺(𝑥𝑥0, 𝑦𝑦0) = 𝛽𝛽0 (𝑥𝑥0, 𝑦𝑦0)
(𝑥𝑥0, 𝑦𝑦0)

𝐺𝐺(𝑥𝑥, 𝑦𝑦)  <  𝛽𝛽0 (𝑥𝑥0, 𝑦𝑦0)
𝐺𝐺(𝑥𝑥, 𝑦𝑦)  =  𝛽𝛽 >  𝛽𝛽0

(𝑥𝑥0, 𝑦𝑦0, 𝜆𝜆0)

∇𝐺𝐺(𝑥𝑥, 𝑦𝑦) = 𝜆𝜆∇𝐹𝐹(𝑥𝑥, 𝑦𝑦)
𝐹𝐹(𝑥𝑥, 𝑦𝑦)  = 0,

𝜆𝜆0 ≠ 0. 𝛽𝛽0 = 𝐺𝐺(𝑥𝑥0, 𝑦𝑦0) (𝑥𝑥0, 𝑦𝑦0)

𝑥𝑥0, 𝑦𝑦0) 𝜂𝜂 = 𝜆𝜆0𝐹𝐹𝑦𝑦(𝑥𝑥0, 𝑦𝑦0)  +  𝐹𝐹𝑥𝑥(𝑥𝑥0, 𝑦𝑦0)

 𝜂𝜂 ≠ 0
 (𝐽𝐽∇𝐹𝐹(𝑥𝑥0, 𝑦𝑦0))𝑇𝑇(𝜆𝜆0𝐴𝐴 − 𝐵𝐵)𝐽𝐽∇𝐹𝐹(𝑥𝑥0, 𝑦𝑦0) ≠ 0

𝐽𝐽
(𝑥𝑥0, 𝑦𝑦0) 𝛽𝛽 = 𝛽𝛽0.
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3.3 Teori Catasthrope
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5. KETAKLINEARAN YANG MEMPERTAHANKAN 
ENERGI 

1: 𝜀𝜀 𝜀𝜀

𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 +  𝜀𝜀𝜀𝜀(𝑥𝑥), 𝑥𝑥 𝜖𝜖ℝ4

A 𝜀𝜀𝜅𝜅1 ± 𝜔𝜔𝜔𝜔 𝜀𝜀(𝜅𝜅2 ± 𝑖𝑖)
N

𝑁𝑁(𝑥𝑥) ∙ 𝑥𝑥 = 0, 𝑥𝑥 ∈ ℝ4

(𝑥𝑥1, 𝑥𝑥2) 𝑟𝑟
(𝑥𝑥3, 𝑥𝑥4) (𝑥𝑥, 𝑦𝑦).
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𝑑𝑑
𝑑𝑑𝑑𝑑 (

𝑟𝑟
𝑥𝑥
𝑦𝑦

) = 𝜀𝜀 (
𝜅𝜅1𝑟𝑟

−𝜅𝜅2𝑥𝑥
−𝜅𝜅2𝑦𝑦

) + (
𝛿𝛿𝛿𝛿𝛿𝛿

Ω(𝑥𝑥, 𝑦𝑦)𝑦𝑦 − 𝛿𝛿𝑟𝑟2

−Ω(𝑥𝑥, 𝑦𝑦)𝑥𝑥
)

Ω(𝑥𝑥, 𝑦𝑦)  =  ω + α𝑥𝑥 +  𝛽𝛽𝛽𝛽

ℝ3 𝑟𝑟2 + 𝑥𝑥2 + 𝑦𝑦2 = 𝑅𝑅2, 𝑅𝑅 ≥
0

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑟𝑟2 + 𝑥𝑥2 + 𝑦𝑦2) = 𝜀𝜀(𝜅𝜅1𝑟𝑟2 − 𝜅𝜅2(𝑥𝑥2 + 𝑦𝑦2))

𝜅𝜅1𝑟𝑟2 − 𝜅𝜅2(𝑥𝑥2 + 𝑦𝑦2) = 0
ℝ3. 𝜅𝜅1𝑟𝑟2 ≥ 𝜅𝜅2(𝑥𝑥2 +

𝑦𝑦2) 𝑅𝑅 𝑅𝑅
𝑟𝑟 = 0

( )2 2 2
1 2 0r x y − + = 3

( )0, ,y r

𝜀𝜀 = 0
𝑅𝑅

𝑟𝑟 = 0
𝑥𝑥2 + 𝑦𝑦2 ≤ 𝑅𝑅2. (𝑥𝑥0, 𝑦𝑦0)

𝑅𝑅0 𝑟𝑟2 + 𝑥𝑥2 + 𝑦𝑦2 = 𝑅𝑅0
2 𝑟𝑟0

𝑅𝑅 ∈ 𝐼𝐼𝑅𝑅0,∆ =  (𝑅𝑅0 − Δ, 𝑅𝑅0 + Δ) ∆> 0
𝑅𝑅 ⟼ (𝑟𝑟0(𝑅𝑅), 𝑥𝑥0(𝑅𝑅), 𝑦𝑦(𝑅𝑅))
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𝑑𝑑
𝑑𝑑𝑑𝑑 (

𝑟𝑟
𝑥𝑥
𝑦𝑦

) = 𝜀𝜀 (
𝜅𝜅1𝑟𝑟

−𝜅𝜅2𝑥𝑥
−𝜅𝜅2𝑦𝑦

) + (
𝛿𝛿𝛿𝛿𝛿𝛿

Ω(𝑥𝑥, 𝑦𝑦)𝑦𝑦 − 𝛿𝛿𝑟𝑟2

−Ω(𝑥𝑥, 𝑦𝑦)𝑥𝑥
)

Ω(𝑥𝑥, 𝑦𝑦)  =  ω + α𝑥𝑥 +  𝛽𝛽𝛽𝛽

ℝ3 𝑟𝑟2 + 𝑥𝑥2 + 𝑦𝑦2 = 𝑅𝑅2, 𝑅𝑅 ≥
0

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑟𝑟2 + 𝑥𝑥2 + 𝑦𝑦2) = 𝜀𝜀(𝜅𝜅1𝑟𝑟2 − 𝜅𝜅2(𝑥𝑥2 + 𝑦𝑦2))

𝜅𝜅1𝑟𝑟2 − 𝜅𝜅2(𝑥𝑥2 + 𝑦𝑦2) = 0
ℝ3. 𝜅𝜅1𝑟𝑟2 ≥ 𝜅𝜅2(𝑥𝑥2 +

𝑦𝑦2) 𝑅𝑅 𝑅𝑅
𝑟𝑟 = 0

( )2 2 2
1 2 0r x y − + = 3

( )0, ,y r

𝜀𝜀 = 0
𝑅𝑅

𝑟𝑟 = 0
𝑥𝑥2 + 𝑦𝑦2 ≤ 𝑅𝑅2. (𝑥𝑥0, 𝑦𝑦0)

𝑅𝑅0 𝑟𝑟2 + 𝑥𝑥2 + 𝑦𝑦2 = 𝑅𝑅0
2 𝑟𝑟0

𝑅𝑅 ∈ 𝐼𝐼𝑅𝑅0,∆ =  (𝑅𝑅0 − Δ, 𝑅𝑅0 + Δ) ∆> 0
𝑅𝑅 ⟼ (𝑟𝑟0(𝑅𝑅), 𝑥𝑥0(𝑅𝑅), 𝑦𝑦(𝑅𝑅))

Prof. Johan Matheus Tuwankotta 25 

𝜀𝜀 ≠ 0
𝜀𝜀𝜀𝜀

𝑟𝑟 = 0
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𝜀𝜀

𝜀𝜀 = 0 𝜀𝜀 ≠ 0
𝜀𝜀 = 0

𝜀𝜀 = 0

𝜀𝜀𝜅𝜅1 ± 2𝑖𝑖 −𝜀𝜀𝜅𝜅2 ± (1 +  𝜀𝜀𝜀𝜀)𝑖𝑖

𝜔𝜔

𝛼𝛼 = 0
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𝜀𝜀

𝜀𝜀 = 0 𝜀𝜀 ≠ 0
𝜀𝜀 = 0

𝜀𝜀 = 0

𝜀𝜀𝜅𝜅1 ± 2𝑖𝑖 −𝜀𝜀𝜅𝜅2 ± (1 +  𝜀𝜀𝜀𝜀)𝑖𝑖

𝜔𝜔

𝛼𝛼 = 0

Prof. Johan Matheus Tuwankotta 27 
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(𝛿𝛿, 𝑇𝑇)
𝛿𝛿

𝛿𝛿
4,5 < 𝛿𝛿 < 5

(𝛿𝛿0, 𝑇𝑇0) (𝛿𝛿0, 2𝑇𝑇0)

2𝑇𝑇0.

𝛿𝛿
𝑃𝑃𝑃𝑃∞1

𝑃𝑃𝑃𝑃∞1

𝜀𝜀 = 0
𝑟𝑟2 + 𝑥𝑥2 + 𝑦𝑦2 = 𝑅𝑅2

𝑅𝑅

𝜀𝜀 ≠ 0

𝜉𝜉0
𝜑𝜑(𝑡𝑡)

lim
𝑡𝑡→±∞

𝜑𝜑(𝑡𝑡) = 𝜉𝜉0
𝑟𝑟 = 0.

𝑟𝑟 ↦ −𝑟𝑟
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(𝛿𝛿, 𝑇𝑇)
𝛿𝛿

𝛿𝛿
4,5 < 𝛿𝛿 < 5

(𝛿𝛿0, 𝑇𝑇0) (𝛿𝛿0, 2𝑇𝑇0)

2𝑇𝑇0.

𝛿𝛿
𝑃𝑃𝑃𝑃∞1

𝑃𝑃𝑃𝑃∞1

𝜀𝜀 = 0
𝑟𝑟2 + 𝑥𝑥2 + 𝑦𝑦2 = 𝑅𝑅2

𝑅𝑅

𝜀𝜀 ≠ 0

𝜉𝜉0
𝜑𝜑(𝑡𝑡)

lim
𝑡𝑡→±∞

𝜑𝜑(𝑡𝑡) = 𝜉𝜉0
𝑟𝑟 = 0.

𝑟𝑟 ↦ −𝑟𝑟
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𝑑𝑑
𝑑𝑑𝑑𝑑 (

𝑟𝑟
𝑥𝑥
𝑦𝑦

) = 𝜀𝜀 (
𝜅𝜅1𝑟𝑟 + 𝛾𝛾

−𝜅𝜅2𝑥𝑥
−𝜅𝜅2𝑦𝑦

) + (
𝛿𝛿𝛿𝛿𝛿𝛿

Ω(𝑥𝑥, 𝑦𝑦)𝑦𝑦 − 𝛿𝛿𝑟𝑟2

−Ω(𝑥𝑥, 𝑦𝑦)𝑥𝑥
)

0 < 𝛾𝛾 ≪ 1

0 < 𝛾𝛾 ≪ 1
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6. KETAKLINEARAN LAINNYA 

“There are more things in Heaven and Earth, Horatio, 
than are dreamt of in your philosophy.”
—

6.1 Ketaklinearan pada Syarat Batas 
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𝜕𝜕𝜏𝜏𝑈𝑈(𝑋𝑋, 𝜏𝜏) = 𝜕𝜕𝑋𝑋𝑋𝑋𝑈𝑈(𝑋𝑋, 𝜏𝜏), 0 < 𝑋𝑋 < 𝑆𝑆(𝜏𝜏), 𝜏𝜏 > 0
−𝜕𝜕𝑋𝑋𝑈𝑈(𝑆𝑆(𝜏𝜏), 𝜏𝜏) = 𝑆𝑆′(𝜏𝜏), 𝜏𝜏 ≥ 0 

𝑈𝑈(𝑆𝑆(𝜏𝜏), 𝜏𝜏) = 0, 𝜏𝜏 ≥ 0 
𝜕𝜕𝑋𝑋𝑈𝑈(0, 𝜏𝜏) = −𝜀𝜀𝜀𝜀(𝜏𝜏), 𝜏𝜏 ≥ 0 

𝑈𝑈(𝑋𝑋, 0)  =  𝜀𝜀𝜀𝜀(𝑋𝑋), 0 < 𝑋𝑋 < 𝑆𝑆(0) = 𝑏𝑏

𝑡𝑡(𝜏𝜏) = ∫ 𝑆𝑆−2(𝑟𝑟)𝑑𝑑𝑑𝑑
𝜏𝜏

0
, 𝑥𝑥 = 𝑋𝑋

𝑠𝑠(𝑡𝑡) , 𝑣𝑣(𝑥𝑥, 𝑡𝑡)  =  𝑈𝑈(𝑋𝑋, 𝜏𝜏),

𝑠𝑠(𝑡𝑡) = 𝑆𝑆(𝜏𝜏), ℎ(𝑡𝑡) = 𝐻𝐻(𝜏𝜏), 𝑓𝑓(𝑥𝑥)  =  𝐹𝐹(𝑋𝑋)

−𝜕𝜕𝑥𝑥𝑣𝑣(𝑥𝑥, 𝑡𝑡) 𝑥𝑥
𝑠𝑠(𝑡𝑡) 𝑠𝑠′(𝑡𝑡)  +  𝜕𝜕𝑡𝑡𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝜕𝜕𝑥𝑥𝑥𝑥𝑣𝑣(𝑥𝑥, 𝑡𝑡), 0 < 𝑥𝑥 < 1, 𝑡𝑡 > 0.

[0,1].

𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) 𝑡𝑡0 = 𝑡𝑡 𝑡𝑡1 = 𝜀𝜀𝜀𝜀

𝑢𝑢(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) = 𝑢𝑢0(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1)  +  𝜀𝜀𝑢𝑢1(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) 𝜀𝜀2𝑢𝑢2(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1)  + 𝑂𝑂(𝜀𝜀3) 

𝜀𝜀 𝜀𝜀𝑘𝑘

𝜕𝜕𝑡𝑡0𝑢𝑢𝑘𝑘(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) − 𝜕𝜕𝑥𝑥𝑥𝑥𝑢𝑢𝑘𝑘(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) = ℱ𝑘𝑘(𝑢𝑢𝑚𝑚)

𝑚𝑚 < 𝑘𝑘 ℱ0 = 0
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𝜕𝜕𝜏𝜏𝑈𝑈(𝑋𝑋, 𝜏𝜏) = 𝜕𝜕𝑋𝑋𝑋𝑋𝑈𝑈(𝑋𝑋, 𝜏𝜏), 0 < 𝑋𝑋 < 𝑆𝑆(𝜏𝜏), 𝜏𝜏 > 0
−𝜕𝜕𝑋𝑋𝑈𝑈(𝑆𝑆(𝜏𝜏), 𝜏𝜏) = 𝑆𝑆′(𝜏𝜏), 𝜏𝜏 ≥ 0 

𝑈𝑈(𝑆𝑆(𝜏𝜏), 𝜏𝜏) = 0, 𝜏𝜏 ≥ 0 
𝜕𝜕𝑋𝑋𝑈𝑈(0, 𝜏𝜏) = −𝜀𝜀𝜀𝜀(𝜏𝜏), 𝜏𝜏 ≥ 0 

𝑈𝑈(𝑋𝑋, 0)  =  𝜀𝜀𝜀𝜀(𝑋𝑋), 0 < 𝑋𝑋 < 𝑆𝑆(0) = 𝑏𝑏

𝑡𝑡(𝜏𝜏) = ∫ 𝑆𝑆−2(𝑟𝑟)𝑑𝑑𝑑𝑑
𝜏𝜏

0
, 𝑥𝑥 = 𝑋𝑋

𝑠𝑠(𝑡𝑡) , 𝑣𝑣(𝑥𝑥, 𝑡𝑡)  =  𝑈𝑈(𝑋𝑋, 𝜏𝜏),

𝑠𝑠(𝑡𝑡) = 𝑆𝑆(𝜏𝜏), ℎ(𝑡𝑡) = 𝐻𝐻(𝜏𝜏), 𝑓𝑓(𝑥𝑥)  =  𝐹𝐹(𝑋𝑋)

−𝜕𝜕𝑥𝑥𝑣𝑣(𝑥𝑥, 𝑡𝑡) 𝑥𝑥
𝑠𝑠(𝑡𝑡) 𝑠𝑠′(𝑡𝑡)  +  𝜕𝜕𝑡𝑡𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝜕𝜕𝑥𝑥𝑥𝑥𝑣𝑣(𝑥𝑥, 𝑡𝑡), 0 < 𝑥𝑥 < 1, 𝑡𝑡 > 0.

[0,1].

𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) 𝑡𝑡0 = 𝑡𝑡 𝑡𝑡1 = 𝜀𝜀𝜀𝜀

𝑢𝑢(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) = 𝑢𝑢0(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1)  +  𝜀𝜀𝑢𝑢1(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) 𝜀𝜀2𝑢𝑢2(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1)  + 𝑂𝑂(𝜀𝜀3) 

𝜀𝜀 𝜀𝜀𝑘𝑘

𝜕𝜕𝑡𝑡0𝑢𝑢𝑘𝑘(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) − 𝜕𝜕𝑥𝑥𝑥𝑥𝑢𝑢𝑘𝑘(𝑥𝑥, 𝑡𝑡0, 𝑡𝑡1) = ℱ𝑘𝑘(𝑢𝑢𝑚𝑚)

𝑚𝑚 < 𝑘𝑘 ℱ0 = 0

Prof. Johan Matheus Tuwankotta 33 
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6.2 Chaos dan Keteraturan  

𝑥̈𝑥 + 𝜔𝜔0
2𝑥𝑥 = 𝑅𝑅0𝑓𝑓(𝑥𝑥) ∑ 𝛿𝛿0(𝑡𝑡 − 𝑛𝑛𝑛𝑛),∞

1

𝛿𝛿0

ℝ2

(𝑥𝑥𝑘𝑘+1
𝑦𝑦𝑘𝑘+1

) = 𝐴𝐴(𝜔𝜔0𝑇𝑇) (
𝑥𝑥𝑘𝑘

𝑦𝑦𝑘𝑘 +  𝑅𝑅0
𝜔𝜔0

𝑓𝑓(𝑥𝑥𝑘𝑘))

𝑓𝑓(𝑥𝑥) =  sin(𝑥𝑥)
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6.2 Chaos dan Keteraturan  

𝑥̈𝑥 + 𝜔𝜔0
2𝑥𝑥 = 𝑅𝑅0𝑓𝑓(𝑥𝑥) ∑ 𝛿𝛿0(𝑡𝑡 − 𝑛𝑛𝑛𝑛),∞

1

𝛿𝛿0

ℝ2

(𝑥𝑥𝑘𝑘+1
𝑦𝑦𝑘𝑘+1

) = 𝐴𝐴(𝜔𝜔0𝑇𝑇) (
𝑥𝑥𝑘𝑘

𝑦𝑦𝑘𝑘 +  𝑅𝑅0
𝜔𝜔0

𝑓𝑓(𝑥𝑥𝑘𝑘))

𝑓𝑓(𝑥𝑥) =  sin(𝑥𝑥)
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𝑆𝑆1
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7. APA YANG TELAH DIPELAJARI 
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𝑥̇𝑥 = 𝑓𝑓(𝑥𝑥, 𝑡𝑡, 𝜀𝜀).
𝑥̇𝑥0 = 𝑓𝑓(𝑥𝑥0, 𝑡𝑡, 0).

𝑥𝑥(𝑡𝑡)  =  𝑥𝑥0(𝑡𝑡)  +  𝜀𝜀𝑥𝑥1(𝑡𝑡)
𝑥𝑥1

𝑥𝑥1
𝑥𝑥(𝑡𝑡)  =  𝑥𝑥0(𝑡𝑡)  +  𝜀𝜀𝑥𝑥1(𝑡𝑡).

𝑥𝑥1
𝑂𝑂(𝜀𝜀2) 𝑂𝑂(1)
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𝑥̇𝑥 = 𝑓𝑓(𝑥𝑥)  +  𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑡𝑡)

—
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8. UCAPAN TERIMA KASIH  
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